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An improved version of the non-equilibrium theory of non-homogeneous turbulence of Chen
& Vassilicos (2022) predicts that an intermediate range of length-scales exists where the
interscale turbulence transfer rate, the two-point interspace turbulence transport rate and the
two-point pressure gradient velocity correlation term in the two-point small-scale turbulent
energy equation are all proportional to the turbulence dissipation rate and independent
of length-scale. Particle Image Velocimetry (PIV) measurements in a field of view under
the turbulence-generating impellers in a baffled water tank support these predictions and
show that the measured small-scale turbulence is significantly non-homogeneous. The PIV
measurements also suggest that the rate with which large scales lose energy to the small
scales in the two-point large-scale turbulent energy equation behaves in a similar way and
that this rate may not balance the interscale turbulence transfer rate in the two-point small-
scale turbulent energy equation because of turbulent energy transport caused by the non-
homogeneity.

Key words: Turbulence theory, Particle Image Velocimetry, Mixing tank

1. Introduction

The Kolmogorov 1941 theory of statistically homogeneous turbulence (see Frisch (1995),
Pope (2000)) predicts that the interscale transfer rate of turbulent kinetic energy is approx-
imately balanced by the turbulence dissipation rate across a wide range of length scales in
the inertial range as the Reynolds number tends to infinity. This prediction of scale-by-scale
equilibrium holds for statistically stationary forced homogeneous turbulence (see Frisch
(1995)) but is also made for decaying homogeneous turbulence on the basis of a small-scale
stationarity hypothesis (see Frisch (1995), Pope (2000) and section 2 of Chen & Vassilicos
(2022)). A widely held view is that the turbulence is always statistically homogeneous at
small enough length-scales if the Reynolds number is large enough. But what if the Reynolds
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number, even if high, is not high enough for homogeneity to exist at the smallest scales?
And if, in such circumstances, one finds simple scalings and scale-by-scale balances which
appear independent of the details of the non-homogeneity, would these non-homogeneity
laws survive as the Reynolds is taken to infinity? Or would they locally tend to Kolmogorov
scale-by-scale equilibrium, in which case Kolmogorov scale-by-scale equilibrium would, in
some sense, be an asymptotic case of these non-homogeneity laws?

In this paper we address statistically stationary non-homogeneous turbulence at moderate to
high Reynolds numbers and we attempt to provide some partial answer to the first one of these
questions: can simple scale-by-scale turbulence energy balances exist in non-homogeneous
turbulence? The questions concerning the limit towards infinite Reynolds numbers cannot be
answered at present and may, perhaps, never be answered unless one can some day answer
them by rigorous mathematical analysis of the Navier-Stokes equations. The problem with
claims made for Reynolds numbers tending to infinity is that one can always argue that the
Reynolds number is not large enough if an experiment or simulation does not confirm the
claims.

We chose to study the turbulent flow under the turbulence-generating rotating impellers in a
baffled tank where the baffles break the rotation of the flow. This is a flow where the turbulence
is statistically stationary, where Taylor length-based Reynolds numbers up to order 10> can be
achieved, where different types of impeller can produce significantly different turbulent flows
and where we can use a two-dimensional two-component (2D2C) Particle Image Velocimetry
(PIV) thatis highly resolved in space and capable to access estimates of turbulence dissipation
rates as well as parts of various interscale and interspace turbulent transfer/transport rates.
Only full three-dimensional three-component highly resolved PIV measurements can, in
principle, access the turbulence dissipation and these transfer/transport rates in full, but such
an approach is currently beyond our reach over the significant range of length scales needed
to establish scale-by-scale energy balances. The truncated transfer/transport rates obtained
by our 2D2C PIV do, nevertheless, exhibit interesting properties, in particular because they
are concordant with a recent non-equilibrium theory of non-homogeneous turbulence (Chen
& Vassilicos (2022)) which we also further develop here.

In the following section we present the two-point scale-by-scale equations which form the
basis of this study’s theoretical framework. In section 3, we discuss interscale turbulent energy
transfers and the special case of freely decaying statistically homogeneous turbulence as a
point of reference. Section 4 presents the experiment apparatus and the 2D2C PIV. We use our
PIV measurements to assess two-point turbulence production in section 5 and linear transport
terms (e.g. mean advection) in section 6. In section 7 we present intermediate similarity
predictions and PIV measurements of second order structure functions of turbulent fluctuating
velocities. Section 8 presents theoretical predictions of non-equilibrium small-scale turbulent
energy budgets for non-homogeneous turbulence and related 2D2C PIV measurements.
Finally, section 9 presents measurements and a theoretical discussion of elements of the large-
scale turbulent energy budget, section 10 proposes a small-scale homogeneity hypothesis and
we conclude in section 11.

2. Theoretical framework based on two-point Navier-Stokes equations

Interscale turbulence transfers for incompressible turbulence can be studied in the presence of
all other co-existing turbulence transfer/transport mechanisms in terms of two-point equations
exactly derived from the incompressible Navier-Stokes equations (see Hill (2001), Hill (2002)
and Germano (2007)) without any hypotheses or assumptions, in particular no assumptions
of homogeneity or periodicity. The incompressible Navier-Stokes equation is written at two
points {~ = X — r and {* = X + r in physical space (see figure 1) where X is the centroid
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Figure 1: Schematic of fluid velocities at points {~ = X —rand {* = X +r.
81 and 2r is the two-point separation vector. One defines the two-point velocity half difference

82 ou(X,r,t) = "+£"_ where u* = u({*) and u~ = u({™) are the fluid velocities at each
P -p-
2

83 one of the two points and the two-point pressure half difference 6p (X, r,1) = where
84 p* = p(L*) and p~ = p(L™) are the pressure over density ratios at each one of the two
85 points. Incompressibility immediately imposes Vy.0u = V,..6u = 0 and the Navier Stokes
86 equation implies (Hill (2001), Hill (2002))

06

87 a—” + (ux.Vyx) 6u + (6u.V,)u = ~Vxép + Eszéu + gV,Z(Su 2.1)
88 whereuyx (X, r,t) = r and
89 V.2 are the gradient and Laplacian in r space; and v is the kinematic viscosity.

90 An energy equation is readily obtained by multiplying equation 2.1 with 26u:

6|6u|2 _ 2 2 2 2t 1 _
o ———+Vx.(ux|6u|>)+V,.(6uldul?) = -2Vy. (6u6p)+ Vx~|6u| + V |6u| 5 —5€

91 2.2)

Auf duf ou; 0
92 where € = v 52* OZ* ande” =v BZ 6?’ With a Reynolds decomposition du = Su + 6u’,

93 uxy =ux +ux’, dp = 6p + 6p’ where the overline signifies an average over time under
94 the assumption of statistical stationarity, this general two-point energy equation leads to the
96 following pair of two-point energy equations:

1 _
(H.VX+6ﬁ.V,)—|6ﬁ|2+Pr+P§(r ((5_u (5u’)+ v(6u_i(5u;.6u;)
97 (2.3)
% 1 v6u (?u v ou; Ou;
= —Vx.(6usp) + =V —6_2+ v2 oul’® -
x-(6u6p) + - Vx* - |6ul 516u] 1377 ar 49 oL
—_— — 1 ’ \) 1 /7 ll !’
(ux .Vx +6u.v,) —|6u |>- P, — P, +VX.(uX’—|6u |2) + V,..(6u §|6u 12)
24
” Vx.(6u"5p") + Vx5 160 P + 2V, 2] Sl - IR TR
:—X”P+_X_u V.= -
47 9L 40 L
100 where P, = —6u;6u ;f’a‘i“l = —ou/ 3 [%;j (X +1) + Z;;(X — r)] and P, = 5u;fg§;",

101 with %;; = 2( 0”' + 6_Xi)’ are two-point turbulence production rates. Indeed, being propor-
102 tional to mean ﬂow gradient terms and to averages of products of fluctuating velocities, they
103 represent linear turbulence fluctuation processes and they exchange energy between |6u|>
104 and |6u’|? because they appear with opposite signs in equations (2.3) and (2.4) as already
105 noted by Alves Portela et al. (2017).



106 The two-point turbulence production terms P, and P, differ. P, results from the product
107 of the two-point small-scale Reynolds stress 614;.614; with the two-point half sum of mean
108 strain rates %(Z,- j(X+71) +%;;(X = 1)) both of which are symmetric in (7, j). On the other

109 hand, P, results from the product of non-symmetric small/large-scale correlation u’, 6u
6614,

110 with the two-point gradient Z*. To better set the context for the two-point turbulence

111 production rate P§,one needs to consider the evolution equation for the two-point velocity
112 half sumuyx (X, r,t).
113 This equation was first obtained by Germano (2007):

ou % v
114 a—tX+(uX.VX)uX+(6u.Vr)uX :—VXpX+§VX2uX+§Vr2uX (2.5)
115 where px = ph;pi , and note that u x is incompressible,i.e. Vx.ux = V,.ux = 0. An energy

116 equation, also first derived by Germano (2007), is readily obtained by multiplying equation
117 2.5 with2uy:

Olux|? 2 2y _ Vo 2 » Ve o N A
ey +Vx.(uxlux|")+V,.(0ulux|”) = _ZVX'(uXPX)+§VX lux| +§Vr lux| ~set-se
118 12.6)
120 A pair of Reynolds averaged two-point energy equations follows (using px = px + p%);
(uX. X T ou. r)§|uX| X O T ox ](uxl Xi Xj)+ﬁ J(”Xt u]uXL)
121 B @7
_— VY 1 v v oul out v ou; ou;
=-Vx. + =V 2—_2+_V2_—2__ i 9% i i
x-(uxpx) 5 Vx 2|uX| 5 Vr 2|uX| 350790 " 350 o1
Ux T = ! S ST Ao
(ux.Vx +6u.Vr) Sluy " = Px = Px, + Vx.(ux’Slux’[?) + Vr.(6u" > |ux’[%)
N 2.8
R () + 2V A e 2w, 2 - Y O O D 29
= x-(ux’'py o "X H%x S Vr5lux 48{,’;64{ 464{ I
124

_ 7 Ouxi _ _ 77 _ I _ _ //35'41
125 where Px = ququ ax, = u'y XLZ[Z,J(X+r)+ZU(X r)] and Py 6uj Xi 9%,

126 These two-point turbulence productlon rates represent linear turbulence ﬂuctuatlon processes

127 gnd an e.xchange of energy between |ux|? and |u/ % |? because they appear with opposite signs
128 in equations (2.7) and (2.8).
129 Once again, the two-point turbulence production terms Py and P&r differ. Px results

130 from the product of the two-point large-scale Reynolds stress ug(ju;ﬁ with the two-point half

131 sum of mean strain rates %(Zi (X +71) + %;;(X —r)) both of which are symmetric in (i, j).
132 This is similar to P, except that the two-point Reynolds stress is now large-scale rather than
133 small-scale because it is defined in terms of the fluctuating velocity half sum rather than half

134 difference. On the other hand, Pl results from the product of non-symmetric small/large-
dsug
X,
results from the product of a symmetric small/large-

135 scale correlation u'y 6u’ u'; with the two -point gradient

136 the sum of both, i.e. PX, =Py, + Péﬁ,

137 scale correlation u’, 6u +uly 6u with 4 7[2Zi;(X+r) = Z;;(X - r)] and contributes to the

which is similar to P§ . However,

138 linear transfer of energy by total production rate Px + P, + Px, between %|ﬁ+|2 + % |#~|* and
1 1
139 §|u’+|2+§|u’+|2.
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3. Interscale turbulent energy transfers

Besides two-point turbulent production terms, the two-point energy equations of the previous
section involve important interscale and interspace transport terms. Germano (2007) inter-
preted his equations 2.5 and 2.6 in the context of large eddy simulations (LES). He showed
that the term (6u.V,)uy in equation 2.5 can be interpreted as the gradient of a subgrid
stress. This term gives rise to the term V,.(6u|ux|?) in equation 2.6 which is therefore
an energy transfer rate between large-scale velocities (velocity half sum) and small-scale
velocities (velocity half difference). Germano (2007) also derived the kinematic equation

V,.(6ulux|?) + V,.(6u|6u|?) = 2Vx.(6u(bu - ux)) (3.1

which relates V,.(6u|ux|?) to V,.(6u|6u|*) in equation 2.2 where V,..(6u|6u|?) accounts
for non-linear interscale energy transfer and the turbulence cascade, e.g. see Chen &
Vassilicos (2022).

It must be stressed, however, that the term V,..(8u|du|?) in equation 2.2 does not only
include non-linear interscale transfer responsible for the turbulence cascade, it also includes
two-point turbulence production and interscale energy transfer by mean flow differences.
Indeed, it gives rise in equation 2.4 to the two-point turbulence production rate P,, to the

linear average interscale turbulent energy transfer rate by mean flow differences 6u.V, |6u’|?
and to the non-linear average interscale turbulent energy transfer rate V,..(6u’|6u’|?) relating
to the turbulence cascade. The other terms in the energy equation 2.4 arise from the pressure
gradient, the viscous terms and the advection of small-scale velocity du by the large-scale
velocity ux in equation 2.1. In particular, this advection term gives rise to P}, and to the
interspace turbulent transport rate of smaller-scale turbulence energy, i.e. Vx.(ux’|6u’|?).

Similar observations can be made for the large-scale energy equations 2.6 and 2.8 where
V,.(6ulux|?) in 2.6 gives rise in 2.8 to the two-point production rate Pé(r (not Px), to the

linear average turbulent energy transfer rate by mean flow differences ou.V, [u’ |2 and to the

fully non-linear average turbulent energy transfer rate V,.(8u’|u’ |?). The other terms in the
energy equation 2.8 arise from the pressure gradient, the viscous terms and the self-advection
of large-scale velocity ux in equation 2.5. In particular, this self-advection term gives rise to
Px (not Pé(r) and to the interspace turbulent transport rate of larger-scale turbulence energy
e Vx.(ux'lux’|?)

Returning to the two-point turbulence production terms, P, and PY, appear in the small-
scale energy equation 2.4 whereas Py and Pé(r appear in the large-scale energy equation
2.8. All four terms vanish if the mean flow is homogeneous but P, represents turbulence
production by mean flow non-homogeneities at small scales whereas Py represents turbu-
lence production by mean flow non-homogeneities at large scales. It is worth noting that
Px tends to the usual one-point turbulence production rate —WZI- j in the limit r — 0
(u’ is the fluctuating turbulent velocity at one point) whereas P, tends to zero in that limit.
Pé(r and P35 also tend to zero in that limit but they represent turbulence production by
mean flow non-homogeneities that is cross-scale as they involve correlations between the
fluctuating velocity half differences and fluctuating velocity half sums. The hypothesis that
large and small scales may be uncorrelated leads to the suggestion that Pé{r and P}, may be
increasingly negligible for decreasing |r|, as indeed found for P in the intermediate layer
of fully developed turbulent channel flow by Apostolidis et al. (2023).

Applying Reynolds averaging to the kinematic identity 3.1 we obtain
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V,.(6uldul?) + V,.(6u|6u’|?) + V,.(6u’|6u’ ) + 2V,.(6u’ (6u’6u))
+ V. (Sulux|?) + V,.(Sulux’|?) + V,.(6u’lux’|2) - 2P%, 32)
= 2Vx.(6u(Su.ux)) + 2Vy.(Ou(6u’ ') '

+2Vx.(0u’ (8u’ .u'y)) +2Vx .(5u’ (Su.u’y)) - 2P,

which demonstrates that, in general, the average interscale turbulent energy transfer rate
V,.(6u’|6u’|?) reflecting the turbulence cascade does not trivially relate with the average
turbulent energy transfer V,.(6u’|ux’|?) reflecting work by subgrid stresses (see Germano
(2007)).

A notable exception is statistically homogeneous turbulence where 6u =0 P =0,
Pé(r = 0 and derivatives with respect to X of third order fluctuating velocity statistics such

as Vx.(6u’(6u’ .u’y) vanish (we cannot assume that wy .V x|6u’|? vanishes), in which case
3.2 reduces to

V,.6u'|luy|> = -V,.6u’|6u’|>. (3.3)

Under such statistical homogeneity conditions (note that the terms involving pressure
fluctuations in equations 2.4 and 2.8 are derivatives with respect to X of third order
fluctuating velocity statistics given the Poisson equation relating pressure and velocities),
and by considering scales |r| large enough to neglect viscous diffusion, fluctuating energy
equations 2.4 and 2.8 become, respectively,

ux.Vx|ou'|> +V,.(6u’|6u’|?) ~ —€ (3.4)

and

Tx . Vxluy P+ V,.(6u'lux'P) ~ —¢ (3.5)

where €’ is the average turbulence dissipation rate. Kolmogorov’s small-scale stationarity

hypothesis adapted to these equations states that ux.Vx [6u’ |2 is much smaller in magnitude
than €’ at small enough scales |r|. With this hypothesis it follows that

V,.0u’|6u’|? ~ —€, (3.6)
V,.0u'luy |2~ € (3.7)

and
ux.Vxluy|? ~ —2¢ (3.8)

in an intermediate range of scales large enough to neglect viscous diffusion and small
enough to neglect small-scale non-stationarity. Relation 3.6 is Kolmogorov’s scale-by-scale
equilibrium and relation 3.7 was first derived by Germano (2007). (Hosokawa (2007) assumed
isotropy and derived the equivalent of 3.7 for homogeneous isotropic turbulence).

Turbulence is rarely homogeneous. Therefore, the natural question to ask is whether energy
transfer balances which may be different from but nevertheless in the same spirit as 3.6 and
3.7 exist in non-homogeneous turbulence. And if they do, how different are they and what
determines the difference?

Various different classes of non-homogeneity exist. Apostolidis ef al. (2023) developed
a scale-by-scale turbulent kinetic energy balance theory for the intermediate layer of fully
developed turbulent channel flow where interspace turbulent transport rate and two-point
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pressure-velocity transport are negligible but small-scale production is not. A theory of scale-
by-scale turbulent kinetic energy for non-homogeneous turbulence was recently proposed
by Chen & Vassilicos (2022) who’s approach allowed them to treat equation 2.4 when
small-scale interspace turbulent transport and spatial gradients of two-point pressure-velocity
correlations are not negligible. In the present paper we study the turbulent flow under the
rotating blades in a baffled container (mixer) where the baffles break the rotation in the flow
and enhance turbulence. We start by assessing two-point production to determine whether we
need to take it into account when applying the theory of Chen & Vassilicos (2022) to equation
2.4.Evenif P, and P, are negligible, large-scale two-point production is necessarily present
at some scales if one-point production is present in the flow.

In the following section we present our experiment and the Particle Image Velocimetry
used to make the measurements which we use in subsequent sections to estimate various
terms in equations 2.4 and 2.8.

4. Experimental measurements
4.1. Description of the mixer and experimental configurations

Experiments are performed with water in the same octagonal shaped, acrylic tank used in
(Steiros et al. (2017a), Steiros et al. (2017b)). The impeller has a radial four-bladed flat
blade turbine, mounted on a stainless steel shaft at the tank’s mid-height. The impellers are
driven by a stepper motor (Motion Control Products, UK) in microstepping mode (25, 000
steps per rotation), to ensure smooth movement, which is controlled by a function generator
(33600A, Agilent, US). The rotation speed and torque signal are measured with the Magtrol
torquemeter TS 106/011. The dimensions of the mixer are presented in figure 2 where
Dy =H=45cm,C=H/2and D = Dy/2.

Baffles (vertical bars on the sides of the tank) are used to break the rotation of the flow
(figure 3). These baffles are designed based on the prescriptions of Nagata (1975) for close
to fully baffled conditions which maximize power consumption and minimize rotation. For
a circular tank, this condition is achieved with four baffles of width around 0.12D1 where
Dr is the tank diameter (see Dt in figure 2). Therefore, four baffles of mixer tank height and
58mm width are used.

To test the robustness of our results we run experiments with two different types of blade
geometry which stimulate the turbulence differently: rectangular blades of 44mm X 99mm
size (figure 4a) and fractal-like/multiscale blades (figure 4b) of the exact same frontal area
44 x 99mm? but much longer perimeter. This blade difference affects turbulence properties
substantially as the resulting turbulence dissipation rate differs by 30% to 40% at equal
rotation speed (see table 3). We use here the two-iteration ’fractal2’ blade described in Steiros
et al. (2017b) and shown in figure 4b. Each one of the two types of blade is tested with two
different rotor speeds. We therefore conduct experiments in four different configurations. In
all cases, the water is filled to the top of the sealed container to minimise the presence of air
bubbles in the water.

4.2. Farticle Image Velocimetry settings

We use 2D2C PIV in the vertical (x, z) plane indicated in figure 5. This figure also shows the
field of view which is aligned with that vertical plane and has its centre offset by only 3mm
+/-1mm in the y direction from the centreline.

The PIV set up is composed of a camera, a laser, a set of lenses and mirrors to shape the
laser beam into a thin light sheet and a Lavision PTU synchronisation unit and a recording
computer with Davis 10 from Lavision.
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Figure 2: Mixer dimensions. Figures modified from Steiros et al. (2017b)

Bafﬁes
(a) Mixing tank with baffles (b) Top view of baffles

Figure 3: Mixer baffles

o
o
(a) Rectangular blade (b) Fractal-like blade
Figure 4: Mixer blades
4.2.1. Camera

The camera used is the Phantom v2640 with full sensor image (2048px x 1952px). A Nikon
macro Nikkor 200mm lens is used with f#8. The extremity of the lens is at 93 mm from the
glass. The field of view size is C; X Cy = 27mm X 28mm (see figure 5) with a magnification
factor of 14.1um/px.

The acquisition is done by packets of five time-resolved images. The packet acquisition
frequency is 6Hz to ensure decorrelation between successive packets. The acquisition
frequency for the five images within each packet varies from 1.25kHz to 3kHz depending
on type of blade and rotor speed. This parameter is specifically set for each configuration to
ensure a turbulent fluctuation displacement between two frames of around 5px (corresponding
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Figure 5: Measurement plane location

to about 1 standard deviation) and maximum 10px (observed with samples during the
experiments).

4.2.2. Laser, mirrors and lenses

The laser used is the Blizz 30W high speed frequency laser from InnoLas. The laser is
optimized at 40kHz with 750uJ/pulse at 532nm wavelength and M? < 1.3. For the
experiments it was set to around 500uJ/pulse because of the smaller frequency used.
The laser frequency is set according to the camera time-resolved recording frequency. The
focal lengths of the spherical and the cylindrical lenses are +800mm and -80mm respectively
(beam-waist set in the centre of field of view). The laser sheet height obtained is around
60mm and its width is 0.6mm at the waist (which is close to the centerline of the mixer) with
a Rayleigh length of 400 mm. Therefore, the laser sheet’s width is constant over the field of
view.

4.2.3. Seeding

Mono-disperse polystyrene particles Spherotech of diameter 5.33um are used. They max-
imise the concentration in the flow and lead to enough particles within each interrogation
window. The background noise is around 30 counts. There are on average about 10 particles
per interrogation window of 32px X 32px if a threshold of 50 counts is used to select
most particles. This is consistent with the criteria of Keane & Adrian (1991). Among these
particles, there is on average 6.5 particles higher than 100 counts per interrogation window.

4.2.4. Processing

The calibration is done with LaVision 058-5 plate. The PIV processing is done with the
Matpiv toolbox modified at LMFL. It is a classical multigrid and multipass cross-correlation
algorithm (Willert & Gharib (1991), Soria (1996)). Here four passes are used, starting with
64px X 64px then, 48px X 48 px and finishing with two 32px X 32px passes. Before the final
pass, image deformation is used to improve the results (Scarano (2001), Lecordier & Trinité
(2004)). An overlap between IW of 62% is used, leading to vector spacing of about 0.17mm.
The final grid has then 159 points in the horizontal direction and 167 in the vertical one.

4.3. Description of the experimental measurements
4.3.1. PIV resolution

The PIV resolution of the experiment (i.e. interrogation window size) is presented in table
1. In terms of the Kolmogorov length n = (v3/(€’))!/*, where the angular brackets signify a
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F (Hz) Magnification (microm/px) Window size (mm) Window size/ n

Rectangular blades 1 14 0.45 4.1
Rectangular blades 1.5 14 0.45 5.1
Fractal blades 1 14 0.45 34
Fractal blades 1.5 14 0.45 4.4

Table 1: PIV resolution

space-average over the PIV field of view, the resolution is between 3.4 and 5.11 depending
on configuration. For those configurations where the interrogation window size is higher
than 37 the turbulence dissipation rate might be underestimated when denoised properly
(Foucaut et al. (2021)). However, this underestimation remains acceptable for interrogation
window size smaller than 51 where less than 30 % of uncertainty (filtering effect) is expected
according to Laizet et al. (2015) and Lavoie et al. (2007).

4.3.2. Statistical convergence

For each configuration, 150 000 velocity fields are recorded in time including 50 000 fully
uncorrelated velocity field samples for convergence. Averaging over time is not sufficient for
convergence and we therefore also apply averaging over space which greatly improves it. It
corresponds to 150000 x 164 x 78 ~ 1.9 x 10° points for one-point statistics where 164 x 78
is the number of points associated with the vector spacing. For two-point statistics, some
spatial points are not available depending on the separation vector size and direction. For
zero separation vector, 150000 x 164 x 78 ~ 1.9 x 10° points are available for convergence
but for the largest separation vector in r, direction there are only 150000 x 164 ~ 2.4 x 107
points available and in , direction only 150000 x 78 ~ 1.2 x 107 are available.

The most important results in this paper are reported with error bars quantifying conver-
gence and computed with a bootstrapping method. The central limit theorem is applied to
averages over sub-groups of samples of the quantity of interest. For each quantity, 600 sub-
groups containing 83 time steps with at least 159 spatial points are used for the computation
of an error bar. This method is robust and provides accurate estimations without having to
define the number of independent points. The resulting error bars are also representative
of the convergence of third order two-point statistics plotted here without error bars as the
number of points used is the same.

4.3.3. Peak-locking

When a particle is too small, its correlation peak position fit results are biased towards integer
values. Therefore, the displacement between two images is more likely to be an integer number
of pixels. This peak-locking error (as it is called, Raffel ef al. (2018)) is systematic (bias error)
and is therefore visible on the velocity probability distribution functions (sine modulation)
but does not usually impact mean quantities of turbulent flow if enough dynamic is used
(here high dynamic is selected of about 5px for one standard deviation, see Christensen
(2004)). Peak-locking can be reduced by increasing particles diffraction spot using camera
lens aperture F#. However, an increased F# reduces the brightness of the particles and
therefore the number of visible particles. In this experiment, F#8 is used as a compromise
and some peak locking is still visible. The impact on the results is analyzed in appendix A.3
where we show that energy spectra and averages of two-point velocity quantities such as the
interscale turbulent energy transfer rate are unaffected by peak-locking.

Rapids articles must not exceed this page length
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Figure 6: (a): Schematic of mean flow in a mixer with baffles (Nagata (1975)). (b): Mean
flow measurement within the measurement plane shown as a green square in (a).

4.3.4. Defining parameters

The defining parameters of the experiment are presented in table 2. The rotation frequency F is
either 1Hz or 1.5Hz. The global Reynolds number is Re = @. where R = D/2 =~ 11.25¢m
is an estimate of the rotor radius. Re is large, higher than 8.10%, and the flow is therefore
turbulent.

The Rossby number is estimated as Ro = % where U (following Baroud et al. (2002)) is
the maximum fluctuating velocity in all our samples, R stands in as an estimate of the integral
length scale of the turbulence and Q = 27 F. Our values of Ro range between 10~! and 1
and are therefore intermediate between fast rotating and non-rotating turbulence. However,
the rotor rotation speed € is not representative of flow rotation because the baffles break
the flow rotation as explained in Nagata (1975). Therefore, the Rossby number is probably
severely underestimated and the rotation is not expected to affect significantly the turbulence
behavior in our experiment.

4.3.5. Basic turbulent flow properties

The main turbulent parameters are presented in table 3. They include the turbulence
dissipation rate (¢’) averaged over time (overbar) and over space in our field of view (brackets),
the resulting Kolmogorov length-scale i (computed with (¢’)) and the Taylor length 1. These
parameters are provided as reference and are used in the paper to non-dimensionalise results.

The Taylor length-based Reynolds number Re, (see discussion on its estimation in
Appendix A.2) is higher than 480 in all four configurations. All the four flows that we
study are therefore highly turbulent.

In figure 6b we plot the mean flow velocity for one of our four configurations but the plot is
representative of all four configurations. The mean flow velocity is oriented vertically from
bottom to top and is not negligible in magnitude. Within our field of view, it is horizontaly
uniform and accelerates by about 7% from bottom to top. These observations are consistent
with the overall mean flow structure identified by Nagata (1975) and shown in figure 6a.

4.3.6. 2D2C truncations and estimates of 3D3C statistics

The various terms in the equations of the previous sections require three-component (3C)
velocity fields in three-dimensional (3D) space to be calculated. However, our measurements
are performed with 2D2C PIV. We can therefore only calculate 2D2C truncations of 3D3C
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F(Hz) Re vel rms (m/s) Ro Mean torque (N.m)
Rectangular blades 1 9.8x10* 1.0x107" 3.6x 107! 53x107!
Rectangular blades 1.5 1.3 x 105 1.6x10°! 4.0x107! 1.1
Fractal blades 1 86x10* 9.1x107%2 3.2x107! 4.1x107!
Fractal blades 15 12x10°0 14x1071 3.4x107! 8.1x 107!

Table 2: Main parameters of the experiment: vel rms (m/s) stands for \/< w2 > + < u’ZZ >

F(Hz) (€') (m*[s®)  n(m) A(m) Re,
Rectangular blades 1 3.6x1073 1.1x107* 4.1x1073 5.1x 102
Rectangular blades 1.5 12x1072 8.8x 107> 3.7x1073 6.5 x 102
Fractal blades 1 24%x1073 13x107% 4.9x1073 4.8x10%
Fractal blades 15 82x1073 1.0x107% 4.1x1073 5.8x10%

Table 3: Main turbulence parameters. The Kolmogorov length scale is calculated as

7= (v3/(€’))!/*. The Taylor length and the Reynolds number Re ; are calculated as in
Appendix A.2

statistics and in a few cases (section 5 and section 6) we estimate 2D2C surrogates of 3D3C
terms.

5. Two-point turbulence production rates

We start our data analysis with an assessment of two-point turbulence production rates. We
define our coordinate system such that components i = 1, i = 2 and i = 3 correspond
to the x, y and z directions respectively and therefore (r(,7r2,r3) = (ry,ry,r;) and

(X1, X2, X3) = (Xx, Xy, X;). The sums defining P, = —du’ 6u:66(5r”‘ P, = —uxjdu:%‘;”’,

Px = —u/ Xj u', i %’?“ and Pl =—-6u’ i - i %‘;’T’ are sums of nine terms of which our 2D2C PIV
has access to four. Our data therefore allow only truncations to be calculated directly and we

start with the truncation of P,:

—ddu, Adu, Adu,
* y ouloul 6”2 + oulou, + ouloul, Sz (5.1)

I'x Ty r, < or,

/65»

r

ﬁﬁuy ('9514)

+ Suloul, + Sulou, "‘”‘x + Suloul, + Sulow, ‘”“Z being the

difference between Pr and Pr. We know from our measurements and from Nagata (1975)
that the mean flow is vertical in our field of view which is small and very close to the centreline
of the tank. Hence, we can readily neglect all the terms making the difference between P,

with 6u ou’,

and P, except duzoul, 65 <, Making the assumption that u/,du, a‘sr';z ~ ouLou’ 606”1 we
form the following surrogate estimate of P,:
= ——00uy ——00u, ———06u,
P, = éu’.ou’y + 26u’ 6u, ~ +ouloul, . 5.2
r = OOl or, 6rz ar, (5-2)
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Similarly, we have the following truncations and surrogate estimates for the other three
two-point turbulence production rates:

Py = TS o 4 T L 4 St T (5

d
: PS Lou ";? +2u'y Ou 'Z(;? " 0u /86(;7" Lou ’Z%E (5.4)
—_ R e e g g 659)
" Px = XX%XT+2—X%X7+ﬁ"@; +ﬁé‘ax7 (5.6)
PR = B, o S e S e G (s
" 1;7—5' —00uy + 20U, 65_”Z+W657 Sulu aﬁ (5.8)

xX@rx xX(? XX or, ZXZ&

We calculate space averages over the field of view of the four truncated and the four
surrogate two-point production rates in the eight equations above. In figures 7,8, 9 and 10
we plot VETsUus 1y = rx and r3 = rz, the four average surrogate two-point production rates

(P ), (P ) (PX) and (Pl > where the brackets signify space-averaging. We plot them

’

normalised by T where €’ = VZ_Z g_g is estimated on the basis of our 2D2C PIV data using

its axisymmetric formulation (see Appendix A.l where we also report that we did not find
very significant differences in the values of (¢’) calculated either on the basis of small-scale
axisymmetry or on the basis of small-scale isotropy). % is used to non-dimensionalize
results instead of (¢’) because the turbulence dissipation term in equation 2.4, once averaged

y O out , dul” dul 1
iarrar tiar azk X3

in space, is < <€ >.
In the plots in figures 7 and 8, (P, is relatively small and (PY ) is negligible, irrespective
of experimental configuration, for most values of r, and r, that our field of view allows us to

access. Plots, not shown here for economy of space, of the corresponding truncations (P,)
and (FF’; ) are very similar. The largest absolute values of (P: ) are obtained at relatively
large scales r, = 54 ~ R/5 with values around 0. 15< which is not negligible but stlll
relatively small. These values decrease with decreasing two-point SS:Baratlon lengths as (Pr>

tends to zero when r tends to zero. Furthermore, the increase of (ﬁ;) with increasing two-
point separation is also much smaller than the increase of two-point turbulence production in
the intermediate layer of fully developed turbulent channel flow found by Apostolidis et al.
(2023). We are therefore encouraged to hypothesise that two-point turbulence production by
mean flow non-homogeneities at small scales and cross-scale two-point turbulence production
are negligible in the small-scale energy equation 2.4 for the present turbulent flows.
Looking at figure 10, we can equally hypothesise that cross-scale two-point production is
also negligible in the large-scale energy equation 2.8, and a similar conclusion arises from
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Figure 7: Production surrogate defined in equation 5.2 along two radial directions

respective plots of the average surrogate (Pé(r> (not shown given the very close resemblance

with figure 10). However, unlike @;), (ﬁ;), (I”Z;), (I”Z;), (I”Z;) and (},’Z;) which are all
close to zero over a wide range of scales ry and r for all four experimental configurations,
(I%}) and (f’}) do not decrease towards 0 with decreasing two-point separation and can
(")
ver P

(Px) and the corresponding plots (not shown here) for (Px) are qualitatively similar but

at the very smallest separations. Figure 9 shows this clearly for

even be comparable to

with different quantitative values. In particular, (ﬁ;}) and (F;}) do not tend to zero as r tends
to 0 in agreement with the point made in section 2 that Px tends to —u;.u;Z,- 7 in the limit
r — 0 and therefore does not tend to zero if there is non-vanishing one-point turbulence

production present in the flow. However, the ratios 2(Px)/{€’) and 2(Px)/(€’) differ between
configurations, and in particular for different types of blade, suggesting that there are non-
homogeneity differences between the four configurations considered here. In spite of these

differences, (Px) and (Px) are typically negative in all confugurations suggesting that energy
is transferred from the fluctuations to the mean.

Overall, our data support the hypothesis that, for the turbulent flows considered here and
for scales small enough compared to the flow’s large scales, two-point production may be
neglected in the small-scale energy equation 2.4 even if Px cannot be neglected in the
large-scale energy equation 2.8. This is not a trivial hypothesis because P, was found by
Apostolidis er al. (2023) not to be negligible at scales comparable to and larger than the
Taylor length in the intermediate layer of fully developed turbulent channel flow where the
turbulence is also non-homogeneous.

6. Small scale linear transport terms

Given the previous section’s conclusion which encourages us to neglect two-point production
in the small-scale energy equation 2.4 but not in the large-scale energy equation 2.8,
we now focus on equation 2.4 and ask whether we can justify simplifying it further by

neglecting the linear transport rate (ux.Vx + 6u.V,) %ldu’|2. Once again, with our 2D2C
PIV data, we can only consider a truncation and a surrogate estimate. The truncation
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Figure 8: Production surrogate defined in equation 5.4 along two radial directions
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Figure 9: Production surrogate defined in equation 5.6 along two radial directions

is (uXx% + uXZ% + 6@% + 6172%) % (514;2 + (5u’22) and the surrogate estimate is

obtained by making the assumptions du’? = Su'?, lixy a?( 2|6u’ 6w’ |2 = Uxy 62 2|6u’|2 and
6ux |6u’|2 = 6uy |6u |2 Our surrogate estimate of (ux.Vy + 6u.V,) 1|6u |2 is

— 9 — — s 2 4 572
therefore (2MXXK + MXZB_XZ + 26Mx% + 6uz(3_rz) 3 (26”; + 614/2 )
We calculate space-averages of the truncation and the surrogate estimate in two parts:
ie. ((Mxx% + MXZ%) (&tf + ou’ )) and <(5an + 6uz B ) (&tf + ou’ )) for the
X Z

truncation, and for the surrogate estimate ((ZMXX% +uXZ%) (2(5u;2+6u )) and

((26ux ot 51 - B ) (26u;2 + ouy )) Both parts of the space-average truncation and of

the space-average surrogate are relatively small compared to (e’)/2 over a significant range
of scales in all four configurations, increasing slowly in magnitude with increasing |r| and
reaching at r, = 6.84 ~ 0.3R a value of 0.23(e’) /2 for the conservative surrogate estimate
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Figure 10: Production surrogate defined in equation 5.8 along two radial directions

468 and of 0.14(e’)/2 for the truncation. In figures 1la, 11b, 12a and 12b we plot the two
469 space-average surrogate parts normalised by (€’)/2 versus r and r.

470 There are therefore grounds to support the additional hypothesis that (ux.Vyx + 6u.V,) % |6u’|?
471 might also be neglected from the small-scale energy equation 2.4 at small enough scales.

472 We therefore consider the following simplified form of this equation for the turbulent flow

473 region studied here:

_ - 1
Vx (ux'[60P) + V.. (60|50 P) + 2Vx (6u"0p") ~ Z(Vx? + V,)6u'P - 5 (7 +

474 L (6.1)

475 where €’* and €'~ are €’ at {* and £~ respectively. Note, however, that this additional hypoth-

476 esis concerning (ux.Vyx +6u.V,) %|6u'|2 is in fact not crucial because the conclusions of
477  the following two sections can also be obtained without it (with the only potential exception
478  of the last sentence of subsection 8.4 which may need to be qualified).

479 It is worth pointing out that a careful look at all figures 7,8, 9 and 10 as well as figure
480 1la, 11b, 12a and 12b suggests that the approximation 6.1 does not necessarily hold for large
481 enough values of r, and/or r,. We chose to normalise r, and r, by A in all these figures for
482 comparison with Apostolidis et al. (2023) who found, in a very different non-homogeneous
483 turbulent flow (namely the intermediate region of fully developed turbulent channel flow),
484 that equation 6.1 is not a good approximation at scales comparable to and larger than A
485 whereas we do assume it to be a good approximation at such scales (if they are not too large)
486 in the flow region of the non-homogeneous turbulent flows considered here.

487 7. Second order structure functions

488 We now adopt the approach of Chen & Vassilicos (2022) which is based on inner and outer
489 similarity. In effect, we assume that regions of space exist in the flow where the non-linear
490 and non-local dynamics of the small-scale turbulence are similar at different places within
491 the region. We therefore start with an hypothesis of inner and outer similarity for the second

492 order structure function |6u’|2, namely

493 60’2 = V2,(X) fon (%) (7.1)
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Figure 11: Surrogate of rate of linear transport in scales in equation 2.4
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Figure 12: Surrogate of rate of linear transport in space in equation 2.4
for |r| > I; and
ou' = VA(X) fa [ 7.2
|u|—12()fzzz (7.2)

for |r| < lp, where the inner length-scale /; depends on viscosity and is much smaller than
the outer length-scale /o which does not depend on viscosity, i.e. [; = [;(X) < lp = lo(X)
for large enough Reynolds number. The outer length scale can be thought of as an integral
length of the order of the blade size R = D /2 and is assumed to be smaller than the extent of
the similarity region where (7.1) and (7.2) hold. Statistical homogeneity is a special case of
our inner and outer similarity hypotheses where Vo2, V2, [o and I are independent of X. In
the following section we apply the approach of Chen & Vassilicos (2022) to the small-scale
energy balance 6.1.

It is natural to expect the outer characteristic velocity Vg, to be independent of viscosity
but the inner characteristic velocity Vj, to depend on it. The ratios Vj»/Vp, and [;/lo
must therefore be functions of a local Reynolds number Rep = Vpalp/v and we write
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Vi2/Voz = g2(Reo, X), I1/lo = gi(Reo, X), these two functions having to tend to zero as
Re tends to infinity.
The inner and outer similarity forms overlap in the range /; < |r| < lp, hence

for (li) =g5(Reo, X) 12 (lig,‘l) (7.3)
(0] (0]

in this intermediate range. Given that the left hand side of this equation does not depend on
Re g, the derivative with respect to Reo of the right hand side cancels and we obtain

dg; 2 dgi 0
dReg fr(p) = 8 IReo Pj%

where there is an implicit sum over j = 1,2,3 and p = (p1, p2,p3) = r/l;. It follows
that p; % Sf12(p) is proportional to fy>(p). To solve for f;» we adopt spherical coordinates
(p, 0, ¢) for p, where 6 varies from O to 7 and vanishes if p is aligned with the y axis
and where ¢ varies from O to 27 and is equal to 0 or n/2 if p is aligned with the x
or the z axis respectively. The proportionality between p; % Jf12(p) and f2(p) becomes

g fr2(p) (7.4)

nfr(p,6,9) = p% Jf12(p, 6, @) in terms of a dimensionless proportionality constant n and
the solution to this equation is

fro=p"F(0,9) (7.5)
where F is an unknown function of angles 6 and ¢. Note that 7.5 holds in the intermediate
range [; < |r| < [p. Returning to 7.3, we get

8 (Reo, X)g; " (Reo, X) = A, (7.6)

where the dimensionless coefficient A is independent of Rep and X.

At this stage we follow Chen & Vassilicos (2022) and use their hypothesis of inner-outer
equivalence for dissipation according to which there is an inner and an outer way to estimate
the turbulence dissipation rate: €’ ~ ng /lo ~ sz /1; where the proportionality coefficients
are independent of Re but can depend on X. We actually derive this hypothesis in subsection
8.3 and our derivation shows clearly that it has nothing to do with Kolmogorov’s scale-by-
scale equilibrium. At this stage, it provides the additional constraint gg (Reo)g; Y(Rep) = Ay
where the coefficient A, is independent of Rep. Combined with this additional constraint,
7.6 yields n = 2/3 (and A3 = A2 which means that A is also independent of X) and
therefore

|6u’ |2 = C(e'r)**F (6, ¢) (7.7)

in the intermediate range /; < r = |r| < lp. Note that, reflecting the dimensionless
coefficients in € ~ ng /lo ~ VI32 /11, the dimensional coefficient C can vary in space but
is independent of Reynolds number. This is an obvious difference from Kolmogorov’s pre-
diction for the second order structure function which is limited to statistically homogeneous
turbulence. This difference highlights the underlying difference in the way that our result 7.7
was obtained compared to Kolmogorov’s derivation of his corresponding prediction which
resembles 7.7 in the scaling (¢’r)?/3 but is otherwise different (see Frisch (1995), Pope
(2000) and section 2 of Chen & Vassilicos (2022))

We can refine our hypothesis of similarity by replacing it with an hypothesis of isotropic
similarity which is an hypothesis of similarity for each component of éu’, namely

Gu' )2 = V3 (X) for, [— (7.8)
J lo
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for |r| > I; and

(1) = VA (X) fin; [~ (7.9)
J I

for |r| < lp for every j = 1,2,3. This is not an assumption of isotropy because neither the
functions fp»,; nor the functions fj, ; are necessarily the same for different j = 1,2, 3. The
argument leading to 7.7 can be repeated for every j = 1,2, 3 yielding

(6u’)? = C;(e'r)*F; (6, ¢) (7.10)

in the intermediate range [; < r = |r| < lp. The dimensionless coefficient C; may vary with
J and with X and the dimensionless function F;, which is independent of X and of r = |r|,
may also vary with j. The determination of the inner length scale /; requires the small-scale
energy balance 6.1. This is done in section 8. We complete the present section by confronting
prediction 7.10 with our PIV data. This prediction is similar to Kolmogorov’s prediction
for second order structure functions but it was derived without the homogeneity assumption
required by Kolmogorov’s theory and without Kolmogorov’s scale-by-scale equilibrium
which forms the physical basis of Kolmogorov’s dimensional analysis.

7.1. Second order structure function measurements

We compute the normalised structure functions ((6u}.)2 /?2/3> for j = 1 (velocity fluctuations
along the x-axis) and j = 3 (velocity fluctuations along the z-axis) by averaging over time,
i.e. over our 150, 000 samples (which correspond to 50, 000 uncorrelated samples) and also
averaging over X, i.e. over the planar space of our field of view. The additional averaging
over space is necessary for convergence of our statistics (see Appendix A.6). The normalised

structure functions (8 u;.)2 / & are therefore calculated by averaging over available points in
the field of view in 150, 000 velocity field samples in this field of view. For two-point statistics,
there are between 1.2 x 107 and 1.9 x 10° points available for convergence, depending on
two-point separation vector, using both space and time averaging as explained in section
4.3.2.

Given that 7.10 implies <(6u})2/?2/3> = (Cj)r2/3Fj(9, ¢), we plotin figures 13a, 13b, 13c
and 13d the compensated structure functions {(du’ )2 /?2/3)r_2/ 3(j = 1) versusr, /D (figure
13a) and versus r, /D (figure 13b) and ((6u’z)2/?2/3>r‘2/3 (j = 3) versus ry /D (figure 13c)
and versus r, /D (figure 13d). This is the intermediate range data collapse suggested by 7.10
for all four configurations considered here. The dependence on r represents the dependence
on r for 8 = /2 and ¢ = 0 whereas the dependence on r, represents the dependence on r
for @ = n/2 and ¢ = 7/2. The average turbulence dissipation rate (¢’) varying by a factor
larger than 4 across our four different configurations (see Table 3), figure 13 suggests that
the collapse of the compensated structure functions in figure 13 is satisfactory. The exponent
of the power law dependence of these structure functions on r, and r, (in an expected
intermediate range of scales much smaller than R = D/2) appears close to but not exactly
2/3 and seems to vary a little around 2/3 from plot to plot in figure 13. The theory presented
above and yielding equations 7.7 and 7.10 may be a leading order theory with different higher
order corrections for different j components. Such corrections are beyond the scope of the
present paper, but noting from the plots in figure 13 that there may be opposite corrections
to the 2/3 scaling, we now consider the 7, and r, dependencies of the normalized structure

function ((su’? + (5u'22)/?2/3>. Equation 7.10 implies

(6uZ +ou2) /&y = rB(CI)YF (0, ¢) + (C3)F3(0, ). (7.11)



590
591
592
593
594

595
596
597
598
599
600
601
602
603
604
605
606

20

< SB[ > 1 = f(ry) <52/ > 7 = f(r)

6 T T T 6 T T T T
°  Rect. blades with baffles F=1Hz °  Rect. blades with baffles F=1Hz
5l = Rect. blades with baffles F=1.5Hz B 5l = Rect. blades with baffles F=1.5Hz B
Fract. blades with baffles F=1Hz Fract. blades with baffles F=1Hz
= Fract. blades with baffles F=1.5Hz *  Fract. blades with baffles F=1.5Hz
4 i 4 8
8T 1 8 e 1
............. '..“Ei
2 Lottt 1 2re 1
e 7
oy g
S 3
E : g :
h
v &
0 . . . 0
0 0.01 0.02 0.03 0.04 0.05 0.06 0 0.02 0.04 0.06 0.08 0.1 0.12
r/D r/D
X z
(a) Compensated 6u§(2 in ry direction (b) Compensated & u;z in r, direction
5 52/3 —2/3 5 52/3 —2/3
. <OuZ/e” >y 3= f(rz) . <OuZ/e”” > S = f(r2)
°  Rect. blades with baffles F=1Hz °  Rect. blades with baffles F=1Hz
5| *  Rect. blades with baffles F=1.5Hz B 5| *  Rect. blades with baffles F=1.5Hz B
Fract. blades with baffles F=1Hz Fract. blades with baffles F=1Hz
Fract. blades with baffles F=1.5Hz 4 Fract. blades with baffles F=1.5Hz
4 i 4 i

5 §
T 1 1 f 1
i B
o ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘ ‘
0 0.01 0.02 0.03 0.04 0.05 0.06 0 002 004 006 008 0.1 0.12
r/D r,/D
X z
(c) Compensated 614’22 in ry direction (d) Compensated 6u’22 in r; direction

Figure 13: Compensated structure functions

This compensated normalised structure function is presented in figure 14 as a function
of ry/D (i.e. r/D for 8 = /2 and ¢ = 0) in one plot and of r,/D (i.e. /D for 6 = /2
and ¢ = 7/2) in the other. Once again, the resulting collapse of the structure functions for
the four different configurations is acceptable given the wide variation of < € > from one

configuration to the other. To look at the power law scaling more finely, we estimate the
S T 2 523 .
logarithmic slopes of S = ((6u/’2 + sul?) /€’ / ) versus both r, and r,, i.e. jll(‘:;i and jllssi,

which we plot versus r, and r, respectively in figures 15a and 15b. A well-defined plateau
appears in both directions for r, 7, << R = D /2 which confirms the power-law behavior of
S. The value of the plateau is the power-law exponent and it is slightly different in the two
directions: it lies between 2/3 ~ 0.66 and 0.7 in the r direction, which is very close to the
theory’s prediction but between 0.5 and 0.6 in the r, direction which is further away from: it.

We must leave it for future study to determine whether the deviation from n = 2/3 that
we observe in the vertical r, direction is a finite Reynolds number effect or whether it
results from deviations from outer and/or inner isotropic similarity of second order structure
functions. The good agreement with n = 2/3 in the r, direction is nevertheless encouraging
and so, in the following section, we use n = 2/3 in conjunction with an analysis of the
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Figure 15: Logarithmic slope of S = ((5u/? + 514’22)/?2/3)

small-scale energy budget to predict the relations between /; and /o and between V, and
Voa. Perhaps more importantly, though, this analysis also leads to predictions concerning
non-linear interscale and interspace turbulent energy transfer rates which do not critically
depend on the value of the exponent n and which we also subject to experimental checks.

8. Small-scale turbulent energy budgets

Following Chen & Vassilicos (2022) who assume that regions exist in the flow where the
non-linear and non-local dynamics of the small scale turbulence are similar at different places
within the region, we now introduce, for such a region, inner and outer similarity forms for
every term on the left hand side of equation 6.1.

Outer similarity for |r| >> Ij:

- V2 .(X)
Vx.(ux’'|6u’?) = 22X fox (i) (8.1)

lo lo
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— V3.(X)
V,.(6u'|6u'?) = 0§0 fos (%) (8.2)
_ V(X
2Vx.(6u'op’) = O;’Tfo,, (%) (8.3)
Inner similarity for |r| << lp:
- V(X
Vx.(ux'|6u’?) = ”jf )flx(i) (8.4)
V,.(6u[6u’?) = 3( )fls(r) 8.5)
— V(X r
2Vx.(6u'Sp’) = 7 fip T (8.6)

The characteristic velocities Vox, Vos, Vop. Vix, Vi3, Vi, depend explicitly on X but are
independent of r and fox, fo3. fop, fix, f13. fip are dimensionless functions which do not
depend explicitly on X within the similarity region. Statistical homogeneity is the special
case where fox = fop = fix = f1p = 0 and the characteristic velocities are independent of
X.

As in the previous section, we expect the outer characteristic velocities to be independent
of viscosity but the inner characteristic velocities to depend on it. The ratios of outer to
inner characteristic velocities are therefore functions of local Reynolds number Reg, i.e.
Vix/Vox = gx(Reo, X), Vi3/Vos = g3(Reo, X), V],,/Vop = g,,(ReO, X), these functions
approaching zero as Reo tends to infinity.

Following the approach we took in section 7, we can replace the hypothesis of similarity
by a hypothesis of isotropic similarity for terms on the left hand side of equation 6.1.
For the two terms not involving pressure fluctuations, this refined hypothesis states that

(6u )2 and 6u ((5u )2 (without summation over i and without summation over
]) have an inner and an outer similarity form for every i,j = 1,2,3. Only i,j = 1,3

are accessible to our 2D2C PIV measurements and we therefore decompose the interscale
transfer rate in two sub- terms both of which have an inner and an outer similarity form:

[5ux(6u +ou?)] + a [6ul (6u’? + 6u??)] which is accessible to our 2D2C PIV and
[6ux(6u’2)]+ [6u (5”,2)]+ar [ou], (6u’? +6u + 6u’?)] which is not. For example,

0 9 V3.(X)
160 (6u'Z + 6u)] + — [6ul,(5u2 + 6u2)] = 22" Fps [ = (8.7)
(9I‘X 8rz lo lo

for |r| > [; and

a /7 ’ ’ a ’ ’ / V3 (X) r
o (6w (Su'? + 6ul?)] + o [oul (6u2 + 6u?)] = ’311 Fr3 (E) (8.8)

for |r| < lp. The function Fp3 is not the same as the function fps3 and the function Fy3 is
not the same as the function f73.

We do the same for the interspace transfer rate Vy.(ux’|6u’|?) which we also decompose
in two sub-terms, both of which have an inner and an outer similarity form. For the sub-term
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which is accessible to our 2D2C PIV, for example, we therefore write

9 ’ ” ” 9 ’ ” 2\1 — VgX(X) r
ar [uly (Ous +ou)] + ar. [MXZ((Sux +ouy)] = o Fox o (8.9)
for |r| > I; and
0 V3 (X) r
— [l (u + 6u?)] + — [y, (ou + 6u?)] = 2—Fix | 8.10
(9rx [MXx( Uy +ouz ]+ (97‘2 [qu( Uy +ouz )] I X I ( )

for |r| < lp. Again, the function Fpx is not the same as the function fpx and the function
Frx is not the same as the function f7x.

8.1. Outer balance

Using the outer similarity forms 8.1, 8.2 and 8.3, Chen & Vassilicos (2022) have shown that
the outer form of the small-scale energy balance 6.1 for |r| > [; tends to

Vox Vo3 Yor
—5 Jox(r/lo) + == fo3(r/lo) + —=fop(r/lo) = —Ce (8.11)
Vor Vor Vor

as Rep — oo, where the dissipation coefficient C. is defined on the basis of the turbulence
dissipation scaling €’ ~ ng /lo. This scaling follows from the hypothesis (often refered to
as zeroth law of turbulence) that the turbulence dissipation rate is independent of the fluid’s
viscosity at large enough Reynolds number, hence €’ = C, ng /lo where C is independent
of Reynolds number but can depend on X and boundary/forcing conditions. It follows from
8.11 that

Vox ~ Vo3 ~Vop ~ cPvon (8.12)
which means that all three velocities Vpox, Vo3 and Vg, are the same function of X as

C l/ 3 Vo2. (The independence of C¢ on r which is required to go from (8.11) to (8.12) is valid
without any restriction on spatial gradients of turbulent dissipation: the only requirement is
that the second order spatial derivative of turbulent dissipation should be small compared to
€/12).

8.2. Inner balance

Using the inner similarity forms 8.4, 8.5 and 8.6, Chen & Vassilicos (2022) have shown that
the inner form of the small-scale energy balance 6.1 for |r| < [ tends to

gy fix(r/ln) + g3gr ' fi3(r/lp) +8,3781_1f1p("/ll) =-1+ C;]Realgigfzvi/,,fzz(r/lz)

(8.13)
as Rep — oo, where VE/I; is the Laplacian with respect to r/{; and where Rea1 g%gl‘ 2
is independent of Reynolds number. They obtained this result without considering the
possibility of explicit dependencies of the functions gx, g3, g&p, g on X but it can be

checked that their result remains intact if such dependencies are taken into account. Writing
g5(Reo, X)g;*(Reo, X) = As(X)Reo (8.14)

in terms of a dimensionless coefficient A3 which can depend on X (but not on r and
viscosity), we note that equation 8.13 is viable only if gigl‘l, gggl‘ ! gf, gl‘1 and A3/C.
are all independent of X. Incidentally, the explicit X-dependence of the functions g, and
g1 and the constraint A3/C. = Const independent of X cancel the need for the theoretical
readjustments in the Appendix of Chen & Vassilicos (2022).
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With 7.6 and the exponent n = 2/3 obtained theoretically in section 7, equation 8.14
implies g; ~ Re(_)3/ *, therefore

[ ~loRey" (8.15)

where the coefficient of proportionality can, in principle, be a function of X. Using equation
8.14 once again leads to

Vio ~ VooRe'* (8.16)

where the coefficient of proportionality is also, in principle, a function of X. One notes
the resemblance of /; and Vj; with the Kolmogorov length and velocity scales. However,
these forms of /; and Vj; have been obtained in an explicitely non-homogeneous context
with hypotheses which, unlike those of Kolmogorov (see Frisch (1995), Pope (2000) and
section 2 of Chen & Vassilicos (2022)), are adapted to non-homogeneous non-equilibrium
turbulence. Note that we use the value 2/3 of the exponent n only to derive 8.15 and 8.16,
nothing else in this paper, and that 8.15 and 8.16 are not used to derive anything in the paper
either.

8.3. Intermediate scalings

The turbulence dissipation scaling €’ = C, ng /lo and 8.12 imply

€ ~Visllo ~Voxllo ~ Vg, /lo (8.17)

where the proportionality coefficients are independent of X (and of course also independent
of Rep). One expects the non-linear terms to be part of the small-scale energy balance

8.13 which means that gg(gl‘l, gg gl‘1 and g?, gl‘1 should be independent of Reo in the limit

Rep — oo and so we write, in this limit, gi(gl_1 = By, gg’gl‘l = B3 and g%gl‘l = B, where
the dimensionless constants By, B3, B), are independent of X, r and Rep. With 8.17, the
implication is

€ ~ Vil ~Vix/li ~ Vi, Il (8.18)

where, once again, the porportionality coefficients are independent of X and Reo. Hence,
in the intermediate range /; < |r| < [p where equation 8.1 matches equation 8.4, equation
8.2 matches equation 8.5 and equation 8.3 matches equation 8.6, we get fox(r/lp) =
Bx fix(r/11). fos(r/lo) = B3 fis(r/Ir) and fo,(r/lo) = By fip(r/Ir). These functions are
therefore asymptotic constants in the intermediate range /; < |r| < lp as Rep — oo, and
therefore:

Vx.(ux'|6u’|?) ~ €, (8.19)

V,.(6u'|6u’|?) ~ € (8.20)
and

2Vx.(6u’p’) ~ € (8.21)

in that range.

The dimensionless coeflicients of proportionality in 8.19, 8.20 and 8.21 are independent
of r, independent of Reynolds number and independent of X in the similarity region of the
flow considered. They add up to —1 asymptotically as Rey — oo.

The same procedure applied to equations 8.7 and 8.8 on the one hand and equations 8.9
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and 8.10 on the other yields

0 —
X, [uXx((Su +ou? ]+6X [uy (6u +ou?)] ~ € (8.22)

and

0 0 _
e (61 (Su’? + 6u?)] + aT[&u;(au;} +ou?)] ~ € (8.23)
X Z

in the intermediate range [; < |r| < [p as Rep — 0. The dimensionless coefficients of
proportionality in these two relations are also independent of r, Reynolds number and X.

Note that our analysis does not reveal the signs of the various constants of proportionality
in the five proportionality relations above. These signs are important, in particular for the
interscale transfer rate as its sign can discriminate between transfer from small to large
scales (forward cascade) or from large to small scales (inverse cascade). The last two
proportionalities are the ones which are accessible to our 2D2C PIV measurements. For
them, our measurements can establish whether the proportionality constants are well defined
and, if they are, whether they are negative or positive.

Before moving to our energy transfer measurements, we note that the hypothesis of inner-
outer equivalence for turbulence dissipation introduced by Chen & Vassilicos (2022) and
used in section 7 can now be seen to be a consequence of Reynolds number-independence
of turbulence dissipation, outer and inner similarities and the natural assumption Vi3 =
C 1 (X)Vn where the dimensionless coefficient C;(X) is independent of Rep and r. Using

= C¢ (X)V 0o/lo and the first proportionality in 8.18 (which follows from 1nner and

outer similarities), one then obtains the inner-outer equivalence in the form C (X)V3 oallo ~
C; (X)Vf2 /1; with a proportionality coefficient that is independent of X and Reo. (It also
follows that C (X)/C 13 (X) is independent of X).

8.4. Energy transfer rate measurements

The quantities obtained from our 2D2C PIV and presented in this sub-section require high
spatial resolution, in particular for the estimation of the turbulence dissipation rate, and a high
number of samples for convergence of third order statistics. Averaging over time is not enough
for such convergence (see Appendix A.6). We therefore calculate spatial averages of both
sides of proportionalities 8.22 and 8.23 given that they are the consequences of our theory that
can be tested by our 2D2C PIV. In figures 16 and 17 we plot the normalised interscale transfer

rate term 0 ([6u’ (6u'? + Su?)])/(€") + 6‘2 ([6ul,(6u’? + 6u?)])/{€’) and the normalised

interspace transfer rate term m([um (Sul? + 6u?)]) /(e + %([u;{z (Sul? +6u?)]) /(€
(we recall that the brackets (...) are averages over X in the plané of our field of view). Our
theory predicts that an intermediate range of scales exists where these two normalised terms
are about constant, this constant being the same for different Reynolds numbers. The spread
of Taylor length-based Reynolds numbers across our four experimental configurations is
from 480 to 650, and the average turbulence dissipation rate varies by a factor of 4 across
these configurations. The Taylor length A depends on the turbulence dissipation rate and in
Appendix A we explain how we calculate both of them and how we denoise the PIV data
for this purpose. The value of the average turbulence dissipation rate is probably slightly
underestimated and this uncertainty is not taken into account in the error bars shown in
figures 16 and 17. The spatial resolutions for all four configurations are given in Table 1.
The normalised energy transfer terms are plotted versus r, /A in figures 16a and 17a and
versus r, /A in figures 16b and 17b. We normalise the components r, and r, of the vector r by
A because of the important role that A has been shown to play in the separation length scale
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dependence of the interscale transfer rate in decaying homogeneous turbulence (Obligado &
Vassilicos (2019), Meldi & Vassilicos (2021)) and in fully developed turbulent channel flow
(Apostolidis et al. (2023)). We find (figure 16) that the interscale transfer rate is negative for
all observed scales in both directions r, and r, and all four configurations. This suggests
a non-linear interscale turbulent energy transfer that is perdominantly from large to small
scales, i.e. that the turbulence cascade is forward on average. The 2D2C PIV measurements
also appear to support our theory’s prediction that a range of scales exists where the interscale
transfer rate is proportional to the turbulence dissipation rate and independent of two-

point separation length. Indeed, for the four configurations, %([&t;(duf +ou2)])/{e) +

%([614; (6u’? + 6u’?)])/(€’y appear to collapse within error bars around a constant value
between 0.35 and 0.45 in the range 1/2 < r, < 24 and around a constant value between 0.4
and 0.5 in the range 1/2 < r, < 54. Beyond these values of r, and r,, statistical convergence
visibly weakens. The Taylor length takes values between 3.7mm and 4.9mm across our four
configurations and the field of view of our PIV is 27mm X 28mm, hence we cannot access
values of /A and r, /A larger than those in the plots of figure 16 and 17 (to avoid symmetry
problems, we only used the right half of our field of view in the x-direction).

Whilst the negative sign of the average interscale transfer rate and its proportionality with
the average turbulence dissipation rate over a range of scales are similar to Kolmogorov’s
prediction for the average interscale transfer rate in high Reynolds number statistically
homogeneous stationary turbulence (Frisch (1995), Pope (2000), section 2 of Chen &
Vassilicos (2022)), the constant of proportionality is not Kolmogorov equilibrium’s —1 but
significantly smaller. This difference may of course be accounted for by the difference between
o ([6ul (6uZ + su2)])[(€) + G2 ([6u(5ul? +6uP)])/(¢') and V,.((6u’|6u’|?))/(€’)
and/or the Reynolds number not being large enough in case that this constant of
proportionality has finite Reynolds number corrections. However, the results in figures
17a and 17b make it clear that the turbulence studied here is significantly non-homogeneous
at the scales where %([&t;(éuf +ou?)])/(€) + (%([&t’z(éu;z +ou?)])/(€’) is about
constant. Indeed, these figures show that the normalised interspace transfer rate term
ax ([l (6uZ + su2)]) [ (€) + g5 (luy, (Sud +6uZ)])/(€’) is very significantly non-
zero and in fact positive over all accessible length-scales in both directions r, and r,

for all four configurations. These consistent positive values mean that there is a leaving
average turbulent flux which takes small-scale turbulent kinetic energy out of the field of

view at all accessible length scales. In fact, %([u’m(éug2 +o0u?)])/(e’) dominates this

interspace transfer rate (see figure 18) and &([u%z (6u?2 +6u?)])/(€’) is negligible if
slightly negative. The small-scale turbulence energy is therefore transported out of the field
of view by the turbulence predominantly in the horizontal direction.

For all four configurations, %([u%x(éuf +ou?)]) /<?>+ai&<[u;(2(5u;2 +ou?)])/ (€,

and aixz( [u;(Z (ou'? + 6u’?)])/ (€’ which dominates it, appear to collapse within error bars
around a constant value between about 0.05 and 0.15 in the range 1/2 < ry < 24 and
around a similar constant value in the range 1/2 < r, < 54 (see figures 17a and 17b and
18). We stress once again, that larger two-point separation scales are not accessible to our
PIV and statistical convergence weakens at the larger values of r, and r, that we can access.
Nevertheless, the results in figures 17a and 17b and figure 18 do not invalidate and may even
arguably offer some support to our theory’s prediction 8.22 for the interspace turbulence
transfer rate.

To summarise, the parts of the interscale and of the interspace average turbulent transfer
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Figure 16: Interscale transfer rate estimate

815 rates that we can access appear to be independent of two-point separation scale and are
816 proportional to the average turbulence dissipation rate over a more or less overlapping range
817 of scales. The average turbulence dissipation rate and the Taylor length-scale collapse the
818 two-point separation scale dependence of the accessible parts of the energy transfer rates for
819 all four configurations tried here.

820 The average interscale transfer rate is negative, suggesting forward cascade, and the average
821 interspace transfer rate is positive, suggesting outward turbulent transport of small-scale
822 turbulence. This outward spatial turbulent flux is overwhelmingly in the x-direction. The
823 non-homogeneity that it represents is present even at the smallest scales of the turbulence, in
824 particular scales between /2 and 5A. It is therefore not possible to apply the Kolmogorov
825 equilibrium theory to the small scales of the present turbulent flows. However our non-
826 equilibrium theory of non-homogeneous small-scale turbulence is able to account for some
827 of our observations.

828 One can also analyse sub-terms of the part of the average interscale transfer rate that we
829 measure. In figure 19, we plot % ([6u’ (5u'? + 6u’?)])/(€’) and ()irz ([6ul (Su?? + 6u?)])/{€)
830 separately and see that they are both constant over the range of scales where their sum is
831 constant and that they both contribute significantly to that sum but that the latter term is also
832 significantly larger in magnitude than the former.

833 The magnitude of the accessible average interscale transfer rate is roughly 4 times larger
834 than the magniture of the accessible average interspace transfer rate. Considering our
835 measurements, our theory (in particular equation 8.21) and the small-scale energy balance
836 6.1 averaged over the field of view of our PIV, it is highly likely that the pressure-velocity
837 term in that balance plays a dominant role at scales |r| larger than 1/2.

838 9. Large-scale turbulent energy budget

839 We do not apply the previous section’s theoretical approach to the large-scale turbulent
840 energy budget, equation 2.8, given that the two-point turbulence production rate Px tends
841 to the one-point turbulence production rate in the limit » — 0 and given the PIV evidence
842 of section 5 suggesting that it is significantly non-zero at the smallest scales and does not
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Figure 17: Interspace transport rate estimate

843 collapse with the average turbulence dissipation rate. Indeed, figure 9 shows that (i’;) /(€
844 differs substantially for the regular and the fractal-like blades.

845 Furthermore, the spatio-temporal average of the part of the interspace turbulent transport
846 rate of large-scale turbulence energy that is accessible to our 2D2C PIV, i.e. % [, (u}?x +
847 Uy )]+ % [y, (', +u'g,)], does not collapse with the average turbulence dissipation rate

848 (€’). Thisis clear in figures 20a and 20b which also show that the normalised spatio-temporal

849 average %([u&x(ugx +uZ )] /() + %([u&z(ugx +u’ )])/(€’) may depend linearly
850 on r, for r, > 1/2 and may be constant or linear with r for r, > 1/2 depending on type of
851 blade. This is very different behaviour from the average interspace turbulent transport rate
852 of small-scale energy in figure 17.

853 Another important difference is the non vanishing value when r — 0 of the average
854 interspace turbulent transport rate of large-scale energy (see figure 20). Indeed, when r — 0,
855 this term converges to the space-time averaged one-point turbulent energy transport rate

856 < V.u’lu’|?> >. This one-point turbulence transport rate reflects the non-homogeneity of
857 each particular configuration and there is no reason to expect it to collapse when normalised
858 by dissipation. There is therefore no reason either to expect such a collapse for the average
859 two-point interspace turbulent transport rate of large-scale energy at the smallest two-point
860 separations. Consistently, the measurements suggest that such a collapse is in fact absent at
861 all two-point separations tested (figure 20).

862 The indications are, therefore, that the large-scale turbulent energy budget 2.8 is very
863 different from the small-scale turbulent energy budget and that a theory of the type developed
864 in the previous section for the small-scale turbulent energy budget cannot be developed for
865 the large-scale turbulent energy budget. Nevertheless, there is a kinematic relation between
866 the rate with which large scales gain or lose turbulent energy to the small scales via non-linear
867 turbulence interactions and the rate with which small scales gain or lose turbulent energy
868 via such interactions. This is equation 3.2. Neglecting mean flow velocity differences and
869 two-point turbulence production rates P, and P} ,» as appears to be possible in our PIV’s
870 field of view for small two-point separation lengths, equation 3.2 becomes

871 V, - (6u'|6u’|?) + V, - (6u'|lux’|?) = 2Vx - (6u’(6u’ - u'y)) 9.1)
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Figure 18: Interspace transport rate

872 where V, - (6u’|ux’|?) represents the rate with which large scales lose or gain turbulent

873 energy to or from the small scales and V,. - (6u’|6u’|?) represents the rate with which small-
874 scales gain or lose turbulent energy by the non-linear turbulence interactions (see also the
875 complementary description of these transfer rates under equation 3.2). In general, and in
876 the present flow in particular, the passage of turbulent energy from large to small scales (or
877 vice versa) is not necessarily “impermeable” as energy can leak out of this cascade process
878 because of non-homogeneities, in the present case by the spatial gradient term on the right
879 hand side of 9.1.

880 In figures 21a and 21b we plot the spatio-temporal average of the part of V,. - (6u’|lux’|?)

881 that is accessible to our 2D2C PIV, namely -2- e <[6ux(u;?x + uXZ)])+ ([ou (uXx + qu)])

882 We plot it normalised by (¢’) versus both r,/A and r,/A and we note that it collapses well
883 for the four different configurations. Furthermore, it appears to have a constant value across
884 the same ranges 4/2 < ry < 24 and 1/2 < r, < 54 where the part of the spatio-temporal

885 average of V, - (6u’|6u’|?) that is accessible to our PIV has an approximately collapsed
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Figure 19: Interscale transfer rate

constant value (figure 16). This suggests a strong link between these two turbulent energy
transfer rates.

The positive constant value of %([&t; (u;?x + u;é)])/(?) + é% ( [6u’z(u;?X + u;é)])/(?)
(see figure 21) is slightly lower than the magnitude of the negative constant value
of Z2-([ouly (5u? +6uP)]) /(') + %([6u’z(5u;2+6u’22)])/(?) (see figure 16). If this
experimental observation reflects a similar difference between V,.(6u’luyx’|?) and
V,.(6u’|6u’|?) then the interpretation will have to be that large scales lose energy to
small scales but that the small scales receive more of the energy lost by the large ones
because some energy is transported from elsewhere in physical space without changing
scale. In the kinematic equation 9.1, this energy leak away from the interscale turbulent
energy transfer process is accounted for by 2Vx.(6u’(6u’.u’y)) which can be non-zero in
non-homogeneous turbulence (or, more generally, by all the other terms present in equation
3.2 if they cannot be neglected).
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Figure 21: Interscale transfer estimate of u x>

The experimental results presented in figures 21a and 21b may be reflecting a proportion-

ality

V, < éu'lux'|? >~< € >

9.2)

which cannot be confirmed or invalidated with our 2D2C PIV. This proportionality concerns
interscale energy transfer within the large-scale turbulent energy budget and is additional to
the proportionalities 8.19, 8.20, 8.21 obtained in the previous section on the basis of the small-
scale turbulent energy budget. The previous section’s theory does not give the proportionality
coeflicients of these relations. In the following section we present an hypothesis which has
the power, if and when valid, to determine some such proportionality coefficients.

10. A local small-scale homogeneity hypothesis

We consider statistically stationary non-homogeneous turbulence by comparison to the case
of statistically homogeneous non-stationary turbulence which we addressed in section 3
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(equations 3.3 to 3.8). Statistical stationarity is meant in the Lagrangian sense of following
the mean flow, i.e.ux.Vyx % [6u’|>?=0=ux.Vyx % |lu’y |2. This is indeed the case in the present
flows because the mean flow velocity is vertical (i.e. in the z direction) and the turbulence
varies mainly in the horizontal direction. With this statistical stationarity and by considering
scales |r| large enough to neglect viscous diffusion, fluctuating energy equations 2.4 and 2.8
become, respectively,

R
6u.Vr§|6u'|2 - P, — P, +Vx-

1 -
uX,E |6u’|? + 6u'6p’)

(10.1)
1 ou't ou'* ou'~ ou'~
~ -V, (6u/ olou'?) - S L P T
2 4907 00 40l AL,
and
o 177 / 1 Y ——
6u.V,§|uX| -Px—-Py, +Vx - uX'§|uX'| +ux’'ply
(10.2)

i
~ -V, .(6u Elux | )_4_15(; oL} _4_13{;; e

We formulate an hypothesis of local homogeneity as a parallel to Kolmogorov’s small-scale
stationarity hypothesis (see section 3). Whereas most terms on the left hand side of equation
10.2 do not tend to 0 as r tends to O, the left hand side of 10.1 does tend to O in that
limit. The local small-scale homogeneity hypothesis that we make is the hypothesis that

in the limit of increasing Reynolds number, the magnitude of 6E.V,%|6u’|2 - P, - P, +

Vyx - (u x’ % |6u’|? + 6u’S p’) is increasingly smaller than the local time-averaged turbulence

dissipation rate at small enough scales |r|. With this hypothesis, and with the approximation
y DT o
1977 9T A8 9L
energy balance 10.1 simplifies to

~ €’ which is acceptable at small enough |r|, the small-scale turbulent

V,.(6u'|6u’|?) ~ —€' (10.3)

in an intermediate range of scales large enough to neglect viscous diffusion but small enough
to neglect small-scale non-homogeneity. This balance incorporates the proportionality 8.20
but also sets the proportionality constant to —1. The similarity hypotheses required to obtain
8.20 are weaker than the local small-scale homogeneity hypothesis introduced here. A priori,
they can be valid even if and when the local small-scale homogeneity hypothesis is not.
When 6u, P, and P}, are negligible at small enough |r|, as appears to be the case in the
flow regions considered here, the local small-scale homogeneity hypothesis implies that
the magnitude of Vy - (u X’%l&u’P +d0u’s p’) is increasingly small compared to €’ with
increasing Reynolds number for small enough values of |r|. It may be that, as the Reynolds
number tends to infinity, 8.20 tends to 10.3 thereby recovering Kolmogorov’s scale-by-
scale equilibrium for homogeneous turbulence at small enough scales and implying that this
Kolmogorov equilibrium is a very particular case of 8.20. However, it is not clear how such
a statement could be established at the current time and the foreseeable future.

We now use the kinematic relation 9.1, but we could also use its more general form 3.2 if
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we did not want to neglect du, P, and Pé(r from the outset. From 9.1 and 10.3 follows
V,.0u'|uy|? ~ € +2Vx - (6u’(6u’ - u’y)) (10.4)

which is the analogue for stationary non-homogeneous turbulence of the Germano-Hosokawa
relation 3.7 for homogeneous non-stationary (in fact freely decaying) turbulence.

Finally, the analogue of 3.8 for stationary non-homogeneous turbulence is obtained from
10.4 and 10.2 and it is

1 —
- Px - Pé{r +Vx - uX'§|uX'|2 +uy’'ph +ou’(6u’ -uy)|~ €. (10.5)

Like equation 10.3, equations 10.4 and 10.5 hold in an intermediate range of scales
large enough to neglect viscous diffusion and small enough to neglect small-scale non-
homogeneity. Note that equation 10.5 identifies a statistic characterising non-homogeneity
which is proportional to €’ with proportionality coefficient —1. This statistic is not captured
by the non-equilibrium theory of non-homogeneous turbulence of section 8. In this case,
the hypothesis of local small-scale homogeneity makes a prediction concerning turbulence
non-homogeneity which is not accessible to the theory of section 8.

11. Conclusion

We have studied a turbulent flow region under rotating blades in a baffled container where
the baffles break the rotation in the flow. The evidence from our 2D2C PIV supports the view
that, within our PIV’s field of view, two-point production makes a negligible contribution to
the small-scale energy equation 2.4 over a range of small two-point separation lengths. In
the absence of such production, we may assume the non-linear and non-local dynamics of
the small-scale turbulence to be effectively the same at different places. We have therefore
made the similarity hypothesis that every term in the non-homogeneous but statistically
stationary scale-by-scale (two-point) small-scale energy balance 6.1 has the same dependence
on two-point separation at different positions X if rescaled by X-local velocity and length
scales. Following the theory of Chen & Vassilicos (2022) we have introduced such similarity
hypotheses for both inner and outer scales and have considered intermediate matchings. We
have also improved the theory (i) by deriving the inner-outer equivalence hypothesis of Chen
& Vassilicos (2022) for turbulence dissipation from a more intuitively natural hypothesis
and (ii) by taking explicit account of non-homogeneity in the inner to outer velocity ratios,
thereby extending the theory’s applicability range and removing the need for the theoretical
adjustments in the Appendix of Chen & Vassilicos (2022).

This non-equilibrium theory of non-homogeneous small-scale turbulence predicts that an
intermediate range of length-scales exists where the interscale turbulence transfer rate, the
two-point interspace turbulence transport rate and the two-point pressure gradient velocity
correlation term in equation 6.1 are all proportional to the turbulence dissipation rate. Given
the limitations of 2D2C PIV we have been able to measure only parts (truncations) of the
interscale turbulence transfer rate and the two-point interspace turbulence transport rate in
equation 6.1. This has forced us to introduce inner and outer hypotheses of isotropic similarity
applicable to the truncations accessible to our measurements. With these hypotheses (which
should not be confused with hypotheses of isotropy) the theory leads to the same predictions
for the 2D2C PIV-truncated interscale turbulence transfer rate and two-point interspace
turbulence transport rate in equation 6.1. Our 2D2C PIV measurements suggest that these
truncations may indeed be independent of two-point separation scale and be proportional
to the average turbulence dissipation rate over a more or less overlapping range of scales
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as predicted by the theory. The PIV-truncated two-point interspace turbulence transport
rate is significantly non-zero, thereby reflecting both the presence of small-scale non-
homogeneity and the absence of Kolmogorov scale-by-scale equilibrium. Its proportionality
with the turbulence dissipation rate is evidence that small-scale non-homogeneity and non-
equilibrium do actually obey general rules.

The PIV-truncated average interscale transfer rate of small-scale turbulent energy is nega-
tive, suggesting forward cascade if the corresponding full (non-truncated) average interscale
transfer rate has the same sign, and the PIV-truncated average interspace turbulent transfer
rate of small-scale turbulence energy is positive, suggesting outward turbulent transport of
small-scale turbulence if the corresponding full (non-truncated) average interspace turbulent
transfer rate is also positive.

We have also applied hypotheses of inner and outer similarity as well as inner and outer
isotropic similarity to second order structure functions of turbulent fluctuating velocities.
Inner-outer intermediate matching has led to the prediction of power law dependencies on
turbulence dissipation rate and two-point separation length with power law exponent n = 2/3.
The 2D2C PIV has provided support for this Kolmogorov-like value of the exponent in the
rx direction but not in the r, direction where the PIV suggests an exponent n between 0.5
and 0.6. Future studies should investigate whether rotation, even if effectively faint within
our field of view because of the rotation-breaking effect of the baffles, may require similarity
forms in terms of more than one outer length scale /o and more than one inner length scale
l7, depending on direction. The value of the exponent n impacts only the Reynolds number
dependencies of [;/lp and V;/Vp and has no direct impact on the other predictions of the
theory. The exponent n = 2/3 implies the Kolmogorov-like scalings 8.15 and 8.16.

The large-scale turbulent energy budget 2.8 is very different from the small-scale turbulent
energy budget 2.4 both in terms of production and interspace turbulence transport which
are both non-zero in the limit of zero two-point separation lengths when the turbulence is
inhomogeneous. We have therefore not applied to 2.8 the similarity approach that we applied
to 2.4. However, we have taken advantage of the kinematic relation which exists between the
rate with which large scales gain or lose turbulent energy to the small scales via non-linear
turbulence interactions (present in 2.8) and the rate with which small scales gain or lose
turbulent energy via such interactions (present in 2.4). The PIV-truncated part of the rate
with which large scales gain or lose turbulent energy to the small scales has turned out to
be approximately independent of two-point separation scale and proportional to the average
turbulence dissipation rate over the same range of scales where the PIV-truncated interscale
transfer rate in 2.4) exhibites the same behaviour. However, these two transfer rates do not
balance, which suggests that the transfer of turbulent energy from large to small scales (or
vice versa) may not be “impermeable” in the sense that energy may be leaking out of this
cascade process because of non-homogeneities, in the present case by the spatial gradient
term on the right hand side of 9.1.

Our non-equilibrium theory of non-homogeneous turbulence does not give the propor-
tionality coefficients in 8.19, 8.20 and 8.21. We have therefore introduced a local small-scale
homogeneity hypothesis in section 10 as a space analogue of Kolmogorov’s small-scale
stationarity hypothesis but do not have criteria, at this stage, for the validity of this small-
scale homogeneity hypothesis. If and when this new hypothesis may hold (perhaps in the
limit of infinite Reynolds numbers?) the coefficient of proportionality in 8.20 will be —1.
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Appendix A. Computation of the turbulence parameters

The following conventions are used to compute the different turbulent parameters.

A.1. Dissipation

The axisymmetric dissipation formulation is used (George & Hussein (1991)) where the
rotation axis is z (A 1). The dissipation is averaged both in space and time to obtain a
converged estimate over the field of view. The notation < . > is used for space averaging and

(.) for time averaging.

— AT AN F A A
’>= - 2 < 2 = 8 = . Al
<€ > v<( (8z)+(6x)+(6z +(6x > (A1)
Different estimates are tested to check the results’ robustness with respect to the choice

estimate. One of them is defined in equation A 2 and evaluated in table 4 after signal denoising
(method explained in the next paragraph):

— v ou’,\* oul \?

<€ >=-< (2><15 (—x) +15 (—Z) ) >. (A2)
3 Oox 0z

The results are different by less than 10% but more importantly the evolution from one

configuration to the other is consistent. Therefore, the results’ variation does not seems to be

significantly dependent on the estimate choice so that dissipation scalings can be evaluated

accurately. However, the value itself might contains some uncertainty.

The dissipation computation from experimental data is difficult because PIV introduces
random noise during measurements. This noise significantly contaminates the dissipation
(Foucaut et al. (2021)). Indeed, the turbulent energy is small at small scales so that noise
can dominate at these scales. In the paper mentioned, the product of the derivatives used
to compute dissipation is overestimated by 70% before denoising. The best way to denoise
dissipation is to perform the experiment with two different PIV set-ups so that the noise
of both measurements are decorrelated. The product of the derivatives obtained from the
two systems cancel the random noise contribution (equation A 3). Indeed, the noise is not
correlated with the true signal and the noise of the two set-ups is decorrelated so it cancels
out once averaged.
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Where < . > is used for realization averaging here, s; (resp. s,) refers to system 1 (resp.

system 2), B is the random PIV noise and (.) refers to denoised data (i.e. without noise but
with PIV interrogation window filtering effect).

This double measurement was not possible for this experiment because of practical
limitations. Therefore, a simplified denoising method is used. The idea is to use the
measurement’s high resolution (in space or in time) and shift the two derivatives by a
small offset. This method introduces a small filtering of the true signal but the noise cancels
out. The experimental measurements are highly resolved in time so time denoising is used:

ou’ ou’
< —r X —lr4ar >
ox

ou’ ou’ ou’ ou’
=< — |y X ——|r+ar > + < Bt X ——|tsdr > +——|t X Brar > + < Bt X Braar >
Ox Ox Ox

ou’ ou’

ox lr X ox lt4ar >

o, aw
< §|t X —¢ >
where ; and B;.4; are uncorrelated because the new particles entering the interrogation
window (IW) at t +dt change the peak shape, so the peak fit random noise is then completely
different. This method is valid if d# (the time increment between two velocity fields) is small
enough so that the denoised quantities do not change significantly between two time steps but
not too small (otherwise there would be no new particles inside the IW). In the experiments
carried out, dt is chosen to have time resolved results which means the particle displacement
between two frames is less than 10 pixels. The PIV processing (final pass) is done with a
window size of 32 pixels X 32 pixels so that there is already a spatial filtering of the data.
Therefore, the filtering introduced by shifting the two derivatives by a maximum of 10 pixels
is comparable or smaller than the already existing PIV filtering so that the results should
not change significantly. Therefore, this method can be used to denoise experimental data
without losing too much information of the true signal. This method might however slightly
underestimate the dissipation. The same procedure can also be used in space by selecting
different points in the derivative, i.e. multiplying the derivative at x and at x+dx computed
with a centred scheme, where dx is the vector spacing. As a 62% overlap is used, the four
points used are separated by 36px which corresponds to a second filter which has about the
same filter size as the IW.

The denoising process is tested both in space and in time to check the results consistency
(table 4). The results are close so that the method seems to be reliable. There is a significant
dissipation decrease associated to the denoising process (around a factor 2). These results
seems to be consistent because the mixer PIV measurements are expected to be more noisy

(A4)
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F(Hz) <€ > (withnoise) <€’ > (space method) < € > (time method) < Z > (time method)

Rectangular blades 1 5.2E-03 3.5E-03 3.6E-03 3.7E-03
Rectangular blades 1.5 1.7E-02 1.1E-02 1.2E-02 1.3E-02
Fractal blades 1 4.2E-03 2.6E-03 2.4E-03 2.5E-03
Fractal blades 1.5 1.3E-02 8.2E-03 8.2E-03 8.6E-03

Table 4: Dissipation computation (m2/s3)

than typical air experiments. Indeed, this noise is amplified by the remaining presence of
small air bubbles in water and the difficulty to obtain the optimal particle concentration
linked to this high magnification measurement. These results underline also the importance
to denoise dissipation. The energy spectrums and two-point statistics do not need to have
the same denoising process because the noise is known to be present only at small scales.
Therefore, only the small scale part of the results (large k& in Fourier space or small r in
two-point space) are contaminated by this PIV noise. Eventually, the PIV resolution affects
significantly the dissipation results and a small underestimation is expected in our results as
explained in section 4.3.1.

Overall, the dissipation computation is a difficult problem where resolution, noise and
convergence affect significantly the results. For these experiments, the resolution is acceptable
in several configurations which can be used for reference, the noise impact is removed through
denoising process and the convergence is achieved through an averaging over 100,000 velocity
fields (corresponding to 50,000 uncorrelated) and space averaging over the field of view. The

dissipation estimate is expected to be slightly underestimated. For simplicity the notation 6
is not used in the publication but all the dissipation results are denoised.

A.2. Taylor micro scale and Taylor Reynolds number
The following formulation of the Taylor micro-scale is used:

,1:1/15_‘/ ”3624'”/22 (A5)
€ 2

The value of the Taylor scale can vary significantly with the formulation choice. However,
the variation from one configuration to the other should remain consistent whatever the
formulation. The following formulation is also tested:

~ 15v 2u§f+u’2
=N (A6)

This formulation overestimates the value by a close to constant proportion between 20%
and 25 % compared to A 5. The plots collapse is nearly unchanged when this later estimate
is used to non-dimensionalize r.

The Reynolds number based on the Taylor length is calculated:

7 z
AUy +uf

Reg=—Y—1 = (A7)
4
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This number is used to quantify the turbulence development. The following formulation

is also tested:
iy 2 2
ANJ2uly +ul

Rej= —F = (A8)
4

This formulation overestimates the value by a close to constant proportion between 45%
and 50% compared to A 7. This magnitude difference is significant but the main risk is to
overestimate the Reynolds number. Therefore, the formulation with the smallest values is
retained.

A.3. Peak locking quantification

The experimental PIV measurements introduce a random error which respect a Gaussian
distribution law. This distribution law has a zero mean and usually a standard deviation
around 0.1 - 0.2 px (Raffel et al. (2018)). It introduces also the peak locking systematic
error as explained previously. This latter error can be quantified through the probability
distribution function (PDF) of the particle displacement in pixel: u ;e — round(upixer). A
constant PDF means there is no peak locking. The results are presented in figure 22. Some
peak-locking is observed in the results. This error is similar for all configurations and is more
important in the x direction.

The peak locking error can be modeled as —a.sin(2w(usrye — round(usrye)) so that

Umeasured = Utrue — a-Sin(zﬂ(utrue - round(utrue)) + €Gaussians where €Gaussian is
the random noise and u;,,. the true displacement with IW filtering effect. However, the
peak locking can be estimated as a.sin(2x(Umeasurea — round(Umeasured)) according to
Cholemari (2007). The coefficient represents the peak-locking magnitude and it can be
evaluated from experimental data using the previous approximation. A correction is added
to the contaminated data until the PDF of the rounded part of the displacement is nearly
flat. The coefficient a used for this correction gives a good estimate of the peak locking
magnitude. For all configurations, the maximal value of a is estimated to be 0.02px.
It means the peak locking error order of magnitude is around 10 times smaller than the
Gaussian PIV noise. However, this error does not necessarily disappear when averaged
because it is a systematic error. This is why the consequences of this phenomenon on the
results of this study are quantified.

A.4. Peak locking impact on spatial energy spectrums

The peak locking impact on spatial energy spectrums is evaluated by introducing artificial
peak locking into Direct Numerical Simulations (DNS).

The DNS dataset was computed by Jean-Philippe Laval from LMFL. Itisa512x512%x512
pseudo-spectral periodic simulation with Re; = 140. The resolution is around 1.67. The
energy spectrum is computed directly from the simulation results and from the results
affected by a modeled peak locking:

Upeaklocking = Usimulation — @ X Sin(zﬂ(usimulatian - round(”simulation)) (A 9)

with a = 0.02px.

The results are presented in figure 23. The peak-locking does not have any consequence
on the spatial energy spectrum except at the very high wavelengths where in reality it will
be much more polluted by the PIV noise. Therefore, the experimental results can be used to
compute energy spectrums without restrictions.



1184

1185
1186
1187

1188

1189
1190
1191
1192
1193

39

Peak locking of u (averaged in time and space) Peak locking of u, (averaged in time and space)
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Figure 23: Peak locking impact on spatial energy spectrum from DNS.

A.5. Peak-locking impact on two-point statistics

The peak locking impact on averaged two-point statistics is quantified by introducing a peak
locking correction in the experimental data. Then, we evaluate the results evolution after the
correction. The correction defined in Cholemari (2007) is used:

Ucorrected = Wmeasured T Qestimared X Sin(zﬂ(umeasured - round(umeasured)) (A 10)

where a is estimated for each configuration in x and y direction.

The results are presented in figure 24. No difference is observed between the results with
and without peak locking correction. Therefore, the experimental results can be used to
compute two-point statistics without restrictions. The results presented in the publication do
not contain peak locking correction.
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Figure 24: Peak-locking impact on energy interscale transfer rate

A.6. Space averaging impact on results

Structure functions are averaged in space to improve convergence as the results collapse is
very sensitive to convergence. Therefore, the results are plotted in figure 25a, 25b, 25c and
25d without space averaging to check it does not affect results. Only one configuration is

presented but it is representative of the four configurations. V; = Vp .R;l /*and 1 1=lo .R53/ 4

are defined arbitrarily where lop = D and Vo = /u’? + u}?. However, it is important to note
that V; and [ are nearly constant over the spatial domain with a variation of less than 3% for
the two quantities. The error bars for these results are computed with classical convergence

formula. The largest error bar of all positions is used and centered on the spatially averaged

structure function (in red). The results collapse within error bars for su’?/ VI2 = f(ry),

6u;2/V12 = f(ry), 6u’12/VI2 = f(ry) and 6u’12/V12 = f(r;), which confirms that space
averaging does not distort the results and can be therefore used to improve convergence.
These results are also consistent with the inner region structure functions’ similarity assumed
in equation 7.2. The outer region is not accessible with our dataset.

Third order statistics are even more difficult to converge than second order statistics.
Therefore, space averaging is mandatory to converge results. The most critical quantity is the
interspace transport as it is computed with space derivatives which can be affected by space
averaging. The interspace transport averaged in time and space is compared to the same
quantity averaged in time and in space for only one direction (z) but at different x locations
(figure 26). The results are not well converged due to the number of points reduction. The
shape of the non-converged functions at the different x positions seems to be consistent with
the converged results averaged in space. Therefore, spatial averaging can be used to improve
the results convergence without loss of information and without significant distortion of the
results.
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(c) Time averaged results of 6u’z2 / V12 in 7y direction (d) Time averaged results of 6u’22 / Vl2 in r, direction
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Figure 25: Time averaged structure functions at different spatial locations
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Figure 26: Space averaging impact on interspace transport
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